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Abstract: Higher-twist transverse momentum dependent parton distribution functions
(TMDs) are a valuable probe of the quark-gluon dynamics in the nucleon, and play a vital
role for the explanation of sizable azimuthal asymmetries in hadron production from unpo-
larized and polarized deep-inelastic lepton-nucleon scattering observed in experiments at
CERN, DESY and Jefferson Lab. The associated observables are challenging to interpret,
and still await a complete theoretical explanation, which makes guidance from models valu-
able. In this work we establish the formalism to describe unpolarized higher-twist TMDs in
the light-front framework based on a Fock-space expansion of the nucleon state in terms of
free on-shell parton states. We derive general expressions and present numerical results in
a practical realization of this picture provided by the light-front constituent quark model.
We review several other popular quark model approaches including free quark ensemble,
bag, spectator and chiral quark-soliton model. We discuss how higher-twist TMDs are
described in these models, and obtain results for several TMDs not discussed previously in
literature. This study contributes to the understanding of non-perturbative properties of
subleading twist TMDs. The results from the light-front constituent quark model are also
compared to available phenomenological information, showing a satisfactory agreement.
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1 Introduction
Azimuthal (spin) asymmetries in semi-inclusive deep-inelastic scattering (SIDIS) due to
transverse parton momenta [1, 2] can be classified as unsuppressed leading-twist (twist-2)
and power-suppressed subleading-twist (twist-3) effects in the sense of the “working twist
definition” of ref. [3]. The theoretical description of leading-twist effects is cleaner, and clear
experimental evidence is available, see [4–6] for reviews. However, the first measurements
of such asymmetries in SIDIS in unpolarized case by EMC [7, 8] or with longitudinally
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polarized targets by HERMES [9–12] unexpectedly revealed larger effects at twist-3 level
than at twist-2 in the fixed-target kinematics of these experiments. Further data on twist-3
SIDIS effects (including preliminary results) was reported in refs. [13–23].
SIDIS is a rich source of information on the nucleon structure including subleading-
twist effects. However, in a tree-level factorization approach, twist-3 SIDIS observables
receive 4 (or 6) contributions due to twist-3 (or twist-2) transverse momentum dependent
parton distribution functions (TMDs) convoluted with twist-2 (or twist-3) transverse mo-
mentum dependent fragmentation functions [24]. This makes the theoretical interpretation
of data challenging, and motivates model studies to help to clarify the underlying physics.
The important impact of model studies for the understanding of TMDs was reviewed
in [25]. Model calculations also indicate that the status of TMD factorization in SIDIS
beyond leading twist is not yet fully clarified [26]. Information on collinear twist-3 parton
distribution functions is limited to gqT (x) accessed in polarized DIS, see [27] for an overview.
The interference fragmentation function approach based on collinear factorization offers a
way to access further twist-3 parton distribution functions in a collinear factorization [28].
A first extraction of one of these functions, namely eq(x), using this framework was recently
reported in ref. [29].
Higher-twist TMDs can in general be decomposed in contributions from leading-twist,
current quark mass terms and pure interaction-dependent (“tilde”) terms. This is accom-
plished by employing equations of motion (EOM) and reveals that tilde-terms are not
parton densities but quark-gluon correlation functions. Neglecting the tilde- and mass
terms is sometimes referred to as Wandzura-Wilczek (WW) approximation [30]. This step
can be helpful in phenomenology to disentangle the many contributions to twist-3 SIDIS
observables [31–39], and can in certain cases be a numerically useful approximation [27, 40–
42]. But it removes the richness of the largely unexplored but attractive non-perturbative
physics of quark-gluon correlations. Precisely this is an important motivation to study
subleading-twist effects [43, 44].
Higher-twist TMDs and parton distribution functions of quarks are expressed in terms
of hadronic matrix elements of bilinear quark-field correlators of the type 〈h|ψ(0)Γψ(z)|h〉,
which makes them amenable to studies in quark models [45], defined in the following as
models without explicit gauge-field degrees of freedom. Quark models with interactions
allow one, in principle, to model also the interaction-dependent tilde-terms. Quark models
have been shown to give a useful description of leading-twist TMDs and related SIDIS
observables, provided one applies them carefully within their range of applicability. Much
less is known about higher-twist TMDs, and important questions emerge. What precisely
can we learn from quark models? To what extent can quark models give estimates for
higher-twist TMDs? And how useful are such estimates phenomenologically? This work
will not provide an extensive answer to these complex questions. But it will, as we hope,
shed new light on the applicability of quark models to TMDs beyond leading twist. In this
work we will limit ourselves to unpolarized higher-twist TMDs. Earlier work in this sector
was presented in [45–52].
The specific goals of this work are as follows. After a brief introduction on unpolarized
TMDs in section 2, we will work out in section 3 a general approach to derive unique
decompositions of subleading-twist TMDs into twist-2 parts and mass terms by making
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use of the free EOM, where tilde-terms are absent. In the subsequent sections we will
generalize this formalism to include interactions in specific quark models, which will give
rise to tilde-terms.
In sections 4–6 we will discuss several quark models, starting with the ensemble of free
quarks [53], a prototype for parton-model frameworks where interactions are absent. When
discussing interacting models, we will include the spectator [47], chiral quark-soliton [48–51]
and bag [52] models, and investigate how interaction-dependent tilde-terms arise in those
models. Hereby we will not only review available results, but also present new results not
discussed previously in the literature. We will also derive a so-called Lorentz-invariance
relation (LIR) among unpolarized TMDs valid in frameworks without gauge degrees of
freedom, i.e. also in quark models. We will use the LIR to test the theoretical consistency
of the model frameworks.
A central part of this work is section 5. Here we will extend the light-front constituent
quark model approach (LFCQM), which was used in the past to study leading-twist TMDs,
to the description of higher-twist TMDs. This model in some sense exhibits features of
both free and interacting quark models. In fact, we will find that some (not all) of the
relations among TMDs derived from free EOM hold, which can be traced back to the
fact that this approach is based on a light-front Fock-state expansion of the nucleon state
in terms of on-shell parton states obeying the free EOM. However, we also find that the
LIR is not supported in the LFCQM. Technically this is because the single quarks are
on-shell, but the three-quark state they form is not, with the off-shellness introduced by
the non-perturbative bound state information encoded in the nucleon wave-function. The
deeper and more general reasons for the non-compliance with the LIR can be traced back to
generic issues with the conservation of the minus-component of the electromagnetic current
in light-front approaches, which requires the inclusion of higher Fock states not accounted
for in this approach.
The paper is rounded up by section 7, where we will present and compare the numerical
results from the quark models. We will also confront predictions from the LFCQM to
available results from phenomenology on eq(x). After the conclusions in section 9, we will
present appendices with technical details.
2 TMDs and equations of motion relations
Quark and antiquark TMDs for flavor q are defined in QCD in terms of quark correlators
of the type
Φqij(P, p, S; path) =
∫
d4z
(2π)4
eip·z 〈P, S|ψj(0)W(0, z; path)ψi(z)|P, S〉, (2.1)
where P (S) denotes four-momentum (polarization vector) of the nucleon, and p is the
four-momentum of the quark. TMDs are given by such correlators integrated over p− with
p+ = xP+. Factorization theorems dictate (for p−-integrated correlators) the process-
dependent “path” indicated in eq. (2.1) along which appropriate Wilson lines connect the
bi-local quark field operators [54]. (Our notation is p± = 1√
2
(p0 ± p3) and pT = (p1, p2)
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with pT ≡ |pT |. The metric is such that for instance a · b = a+b− + a−b+ − aT · bT and
d4z = dz+dz−d2zT . For brevity we do not indicate the scale dependence of the correlators
and TMDs, and often omit the flavor index q on the quark fields ψ ≡ ψq.)
In order to count independent structures, one decomposes the correlator in terms of
scalar “amplitudes” multiplied by independent Lorentz structures allowed by the symme-
tries of the strong interactions and constructed from the four-vectors P , S, p [53, 55] and a
(near-)lightlike four-vector n [56] which characterizes the path of the Wilson line (actually,
the situation is more complex than that [27], but this does not change the general conclu-
sion [56]). In QCD one has 32 independent amplitudes: Aqi with 1 ≤ i ≤ 12 and Bqj with
1 ≤ j ≤ 20 [56]. There are also 32 TMDs: namely 8 at leading twist, 16 at twist-3, and 8
(more academic) at twist-4. Thus, one ends up with as many TMDs as amplitudes, and
there are a priori no relations among TMDs, unless one resorts to approximations such as
the above-mentioned WW approximations.
What distinguishes the Aqi and B
q
i is that the former multiply Lorentz structures made
from P , S, p only, while the latter explicitly include also the vector n characterizing the
gauge-link. Therefore, in quark models (with no gauge fields) all the Bqi amplitudes are
absent. Moreover, the amplitudes Aq4, A
q
5, A
q
12 are “naively T-odd” which is allowed in
QCD [57–60], but forbidden in quark models [61]. Thus, in quark models up to twist-3,
one has 9 amplitudes describing 14 T-even TMDs, out of which 6 (8) are twist-2 (twist-3).
This implies the existence of 5 LIRs among T-even TMDs [53, 55] which must hold in quark
models [40–42], but are not valid in QCD [62] due to the presence of Bqi -amplitudes [56].
Depending on the quark model, in addition to LIRs, also further relations may arise [46,
47, 52, 63] due to (spherical, spin-flavor) symmetries of model wave-functions [64].
When we focus on the case of an unpolarized target within a quark model, the general
decomposition of the correlator is completely specified by 3 terms,
Φq(P, p, S; path) =MN A
q
1 + /P A
q
2 + /pA
q
3 + · · · , (2.2)
where the dots denote T-odd or polarization-dependent terms, or gauge-link related Bqi
amplitudes. If we denote by 〈P | · · · |P 〉 the target spin-averaged matrix element, then the
complete set of unpolarized T-even TMDs is given by 4 TMDs, the twist-2 f q1 (x, pT ), the
twist-3 eq(x, pT ) and f
⊥q(x, pT ), and the twist-4 f
q
4 (x, pT ):
1
2
∫
dp− tr[Φqγ+] =
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)γ+ψ(z)|P 〉|z+=0 = f q1 (x, pT ), (2.3)
1
2
∫
dp− tr[Φq1] =
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)1ψ(z)|P 〉|z+=0 =
MN
P+
eq(x, pT ), (2.4)
1
2
∫
dp− tr[ΦqγjT ] =
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)γjTψ(z)|P 〉|z+=0 =
pjT
P+
f⊥q(x, pT ), (2.5)
1
2
∫
dp− tr[Φqγ−] =
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)γ−ψ(z)|P 〉|z+=0 =
(
MN
P+
)2
f q4 (x, pT ). (2.6)
In terms of the Lorentz-scalar amplitudes Aqi , these unpolarized TMDs read in quark models
f q1 (x, pT ) = 2P
+
∫
dp− (Aq2 + xA
q
3) , (2.7)
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eq(x, pT ) = 2P
+
∫
dp−Aq1, (2.8)
f⊥q(x, pT ) = 2P+
∫
dp−Aq3, (2.9)
f q4 (x, pT ) = 2
(
P+
MN
)2 ∫
dp−
(
P−Aq2 + p
−Aq3
)
. (2.10)
Up to twist-3 level in the unpolarized T-even sector, we have 3 TMDs and 3 amplitudes.
Thus, even in quark models, there are in general no relations between f q1 (x, pT ), e
q(x, pT )
and f⊥q(x, pT ).
The full structure of the quark correlator (2.1) in the unpolarized T-even sector is com-
pleted by the twist-4 TMD f q4 (x, pT ) [3, 56]. Twist-4 TMDs are rather academic objects. In
physical situations, like power corrections to the DIS structure functions, f q4 (x, pT ) mixes
with other twist-4 quark-gluon correlators [43, 65–72]. While the practical understand-
ing of power corrections is of interest [73, 74], our motivation to include f q4 (x) is rather
that it will serve as an important internal consistency check of our approach. In fact, in
quark models new features emerge as one goes to higher twists (as in QCD, albeit on a far
simpler level).
Including twist-4, we encounter in quark models the situation that 4 unpolarized TMDs
{f q1 , eq, f⊥q, f q4} are expressed in terms of 3 amplitudes {Aq1, Aq2, Aq3} (in QCD the ampli-
tude Bq1 also contributes). This implies a LIR among these TMDs valid in Lorentz-covariant
quark models (but not in QCD). Using the methods of [55], see appendix A, we find
f q4 (x) =
1
2
f q1 (x) +
d
dx
f⊥q(1)(x), (2.11)
where f qi (x) =
∫
d2pT f
q
i (x, pT ) with i = 1, 4 and f
⊥q(1)(x) =
∫
d2pT
p2
T
2M2
N
f⊥q(x, pT ). To
the best of our knowledge, this relation has not been presented in the literature before. Let
us end this section with two general results. In complete analogy to the positivity proof of
f q1 (x, pT ), one can show that the twist-4 TMD satisfies the positivity constraint
f q4 (x, pT ) ≥ 0. (2.12)
With Nq denoting the valence quark number of flavor q, the following sum rule is for-
mally satisfied
2
∫
dx f q4 (x) = Nq. (2.13)
We discuss in appendix B how this sum rule can be proven, and what is formal about it.
3 Equations of motion relations in free quark models
Generally speaking, matrix elements of higher-twist operators can be decomposed by means
of EOM into contributions from twist-2, mass terms and tilde-terms [65–67]. We present
here a general approach to derive such relations tailored for applications in quark models,
where the situation is simplified due to the absence of gauge interactions. More pre-
cisely, in this section we concentrate on free quark models. It should be noted that, for
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instance, parton model frameworks [53, 75–83] belong to this class of models. After dis-
cussing the LFCQM in the next section, we will further generalize the formalism to models
with interactions.
In order to derive a starting formula for EOM relations, we proceed as follows. Let
Γ be an arbitrary Dirac matrix. We apply the free EOM within the fully unintegrated
correlator, integrate by parts, and obtain
0 =
∫
d4z
(2π)4
eip·z 〈P |ψ(0)Γ(i/∂ −mq)ψ(z)|P 〉
=
∫
d4z
(2π)4
(−i∂µeip·z) 〈P |ψ(0)Γγµψ(z)|P 〉 −mq
∫
d4z
(2π)4
eip·z 〈P |ψ(0)Γψ(z)|P 〉
=
∫
d4z
(2π)4
eip·z 〈P |ψ(0)Γ(/p−mq)ψ(z)|P 〉. (3.1)
Next, repeating the above steps with 〈P |ψ(−z)(−i←−/∂ − mq)Γψ(0)|P 〉 (or, equivalently,
taking the complex conjugate of (3.1)) and shifting the field positions by z, yields an
identity analogous to (3.1) but with Γ(/p−mq) replaced by (/p−mq) Γ, where Γ = γ0Γ†γ0
is the Dirac conjugate of Γ. Adding up these two identities yields
0 =
∫
dp−
∫
d4z
2(2π)4
eip·z 〈P |ψ(0) [(/p−mq) Γ + Γ(/p−mq)]ψ(z)|P 〉, (3.2)
where we introduced the p−-integration and a factor 12 for later convenience. In the fol-
lowing we also set p+ = xP+.
Equipped with the identity (3.2), we proceed to derive the EOM relations among
eq(x, pT ), f
⊥q(x, pT ) and f
q
1 (x, pT ). They are obtained by choosing appropriate Γ matrices.
Choosing respectively Γ = γ+ and Γ = iσ+jT , we obtain
x eq(x, pT ) =
mq
MN
f q1 (x, pT ), (3.3)
x f⊥q(x, pT ) = f
q
1 (x, pT ), (3.4)
which coincide with the EOM relations in QCD [24] but with (in free quark models)
consistently neglected tilde-terms.
We remark that /p = γ+p− + γ−p+ − γjT pjT in the identity (3.2) introduces the factors
p+ = xP+ or pjT which become prefactors of x in (3.3) and (3.4) or are “absorbed” by
the definition of (2.5). But the piece with γ+p− drops out due to (γ+)2 = 0. However, at
twist-4 the component p− contributes. In order to eliminate it, we derive the identity
0 =
∫
d4z
(2π)4
eip·z 〈P |ψ(0)Γ(i/∂ +mq)(i/∂ −mq)ψ(z)|P 〉
=
∫
d4z
(2π)4
eip·z 〈P |ψ(0)Γ(2xP+p− − p2T −m2q)ψ(z)|P 〉, (3.5)
which reflects the fact that the correlator (2.1) describes on-shell quarks in a free quark
model. Using the identity (3.2) with Γ = iσ+− and making use of (3.5), we derive the
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EOM relation
x2 f q4 (x, pT ) =
p2T +m
2
q
2M2N
f q1 (x, pT ). (3.6)
For Γ ∈ {1, γ−, γjT , iσ−jT , iσjkT } we obtain linear combinations of the EOM rela-
tions (3.3), (3.4) and (3.6). For example, for the choice Γ = 1 one obtains an EOM
connecting all 4 TMDs, which reduces to (3.6) using (3.3) and (3.4), namely
x2 f q4 (x, pT ) =
p2T
M2N
x f⊥q(x, pT ) +
mq
MN
x eq(x, pT )−
p2T +m
2
q
2M2N
f q1 (x, pT ). (3.7)
All the other Γ-structures are not relevant for unpolarized TMDs.
We end this section with three important remarks. First, in free quark models the
set of unpolarized T-even TMDs {f q1 , eq, f⊥q, f q4} can be expressed in terms of one single
TMD, say f q1 . That there is only one independent structure, can also be seen as follows.
In eq. (3.1) we have shown that in the class of free quark models tr[Γ(/p−mq)Φq] = 0 for
all Γ. This implies that (/p−mq)Φq = 0, and inserting here the decomposition (2.1) of the
correlator, for the case of an unpolarized nucleon in a quark model, yields
0 = (/p−mq) Φq = (/p−mq)(MN Aq1 + /P Aq2 + /pAq3)
= (/p−mq)(MN Aq1 −mq Aq3) + (/p−mq)/P Aq2, (3.8)
where we used (/p−mq)/pA3 = −mq(/p−mq)A3 if p2 = m2q . Since the Dirac matrices 1, /p,
/P and /p/P are linearly independent for p 6∝ P , we conclude that
Aq1 =
mq
MN
Aq3, A
q
2 = 0. (3.9)
Using this result in eqs. (2.7)–(2.10) together with 2xP+p− = p2T + m
2
q , we recover the
relations (3.3), (3.4), and (3.6). In particular, eq. (3.9) shows that in free quark models
the unpolarized correlator consists of only one independent amplitude, meaning that all
unpolarized TMDs are related to each other.
Second, since the general Lorentz decomposition in models with on-shell quarks
is fully specified by a single Ai amplitude according to (3.9), all our free EOM rela-
tions (3.3), (3.4) and (3.6) can in some sense be understood as LIRs. It has to be stressed,
that the general LIR (2.11) only explores Lorentz invariance in relativistic quark models,
but makes no use of model details such as EOMs. Therefore, none of the EOM rela-
tions (3.3), (3.4), (3.6) is equivalent to the general LIR (2.11). However, a particular
linear combination of (3.3), (3.4) and (3.6) can be formally proven to be equivalent to the
LIR (2.11). The proof is formal though, since it can be invalidated by the properties of the
amplitudes Aqi in a given model, see appendix A.2.
Third, the EOM relations in interacting quark models can be anticipated from
eqs. (3.3), (3.4) and (3.6), and read
x eq(x, pT ) = x e˜
q(x, pT ) +
mq
MN
f q1 (x, pT ), (3.10)
x f⊥q(x, pT ) = x f˜ ⊥q(x, pT ) + f
q
1 (x, pT ), (3.11)
x2f q4 (x, pT ) = x
2f˜ q4 (x, pT ) +
p2T +m
2
q
2M2N
f q1 (x, pT ), (3.12)
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where the operator definitions of the specific tilde-terms have to be carefully worked out
using the EOMs of the models under consideration. In QCD (3.10) and (3.11) hold, with
the tilde-terms defined in terms of quark-gluon correlators [24]. But the term proportional
to p2T f
q
1 (x, pT ) in (3.12) could in QCD be naturally expressed in terms of correlators with
transverse gluon inclusions of the type 〈N |ψ¯ i /DTγ+i /DTψ|N〉 [69]. Our free quark model
results are recovered in the limit i /DT → i/∂T . For QCD treatments of higher-twist distri-
butions we refer to [43, 65–72]. We also remark that the “brute-force” systematic neglect
of all QCD quark-gluon correlations is the basis for WW-type approximations [40–42], and
the general helicity formalism with the twist-2 QCD parton model of ref. [83].
After discussing models where the quarks obey the free EOM (which is not necessarily
the same as models without interactions) in sections 4 and 5, we will come back to several
interacting quark models in section 6.
4 Ensemble of free quarks
In this section we derive the general expression for the unpolarized T-even TMDs up
to twist-4 in quark models in which the quarks obey the free Dirac equations. Following
ref. [53], we assume that the nucleon is described as an ensemble of non-interacting partons
of momentum P and spin S, which can be considered as a generic prototype for parton-
model approaches [75–83]. We consider the TMD correlator
Φ[Γ]q(x,pT ) ≡ 1
2
∫
dp− tr[ΦqΓ] =
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)Γψ(z)|P 〉|z+=0, (4.1)
where Γ = {γ+, 1, γjT , γ−} stands for the matrices entering the definition of unpolarized
T-even TMDs. In eq. (4.1), we insert the free-field Fourier expansion of the quark field ψ
on the surface z+ = 0. We could equivalently use light-front as well as instant-form quan-
tization for free fields. However, to make the link with the LFCQM which will be discussed
in the following section, we adopt the light-front form with the following Fourier expansion
ψ(z−, zT ) =
∫
dk+d2kT
2k+(2π)3
Θ(k+)
×
∑
λ
{
bqλ(k˜)uλ(k˜) e
−ik+z−+ikT ·zT + dq†λ (k˜)vλ(k˜) e
ik+z−−ikT ·zT
}
, (4.2)
where bq and dq† are the annihilation operator of the quark field and the creation operator
of the antiquark field, respectively. Furthermore, λ is the light-front helicity of the partons
and k˜ denotes the light-front momentum variable k˜ = (k+,kT ). Using (4.2) and restricting
ourselves to the quark contribution, the operator in the correlator (4.1) reads∫
dz−d2zT
2(2π)3
eip·z ψ(0)Γψ(z)|z+=0 =
1
2
∫
dk+d2kT
2k+(2π)3
Θ(k+)
∫
dk′+d2k′T
2k′+(2π)3
Θ(k′+)
×δ(p+ − k+) δ(2)(pT − kT )
∑
λ,λ′
uλ′(k˜
′)Γuλ(k˜) b
q†
λ′(k˜
′)bqλ(k˜). (4.3)
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By inserting (4.3) in the correlator (4.1), we obtain
Φ[Γ]q(x,pT ) =
∑
λ,λ′
uλ′(p˜)Γuλ(p˜)
2p+
Pqλλ′(p˜), (4.4)
where x = p+/P+ and
Pqλλ′(p˜) =
1
2(2π)3
∫
dk′+d2k′T
2k′+(2π)3
Θ(k′+)〈P |bq†λ′(k˜′)bqλ(p˜)|P 〉. (4.5)
Pqλλ′ is a density matrix in the space of the quark light-front helicity and its trace
Pq(p˜) =
∑
λ
Pqλλ(p˜) (4.6)
is the quark density operator evaluated in the target. The light-front spinors are given by
u+(p˜) =
1√
23/2p+

√
2 p+ +mq√
2 pR√
2 p+ −mq√
2 pR
 , u−(p˜) = 1√23/2p+

−√2 pL√
2 p+ +mq√
2 pL
−√2 p+ +mq
 , (4.7)
with pR,L = 1√
2
(px ± ipy). Specifying the matrix Γ for the different unpolarized T-even
TMDs, we find
uλ′(p˜)γ
+uλ(p˜) = 2p
+ δλλ′ , uλ′(p˜)uλ(p˜) = 2mq δλλ′ ,
uλ′(p˜)γ
j
Tuλ(p˜) = 2p
j
T δλλ′ , uλ′(p˜)γ
−uλ(p˜) =
p2T +m
2
q
p+
δλλ′ .
(4.8)
Using these results in the quark correlator (4.4), we obtain
f q1 (x, pT ) = Pq(p˜), (4.9)
x eq(x, pT ) =
mq
MN
Pq(p˜), (4.10)
x f⊥q(x, pT ) = Pq(p˜), (4.11)
x2 f q4 (x, pT ) =
p2T +m
2
q
2M2N
Pq(p˜). (4.12)
From the results in eqs. (4.9)–(4.12), it is obvious that the EOM relations (3.3), (3.4)
and (3.6) are satisfied. These relations are a consequence of the on-shell relation for the
single-quark states. In order to explicitly evaluate integrated relations such as (2.11), we
need to specify the quark momentum density (4.5) and therefore a model for the target
state. To this aim, we will use as an example the LFCQM.
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5 Light-front constituent quark model
The LFCQM has been used successfully to describe many nucleon properties [84–94] includ-
ing leading-twist TMDs [63, 95–99]. Here we extend the analysis to unpolarized T-even
TMDs beyond leading twist, restricting ourselves to the three-quark (3Q) Fock sector.
The light-front Fock-space expansion of the nucleon state is performed in terms of free
on mass-shell parton states with the essential QCD bound-state information encoded in
the light-front wave function (LFWF). Restricting ourselves to the 3Q Fock sector, one
therefore effectively deals with an ensemble of free quarks as described in section 4. The
T-even unpolarized TMDs can be therefore expressed as in eqs. (4.9)–(4.12) where, as we
will show, the quark momentum density in the proton Pq is given by the overlap of LFWFs
averaged over the light-front helicity of the quarks. We will apply the results obtained in
this section to a specific model for the LFWFs [100], discuss numerical results, and com-
pare to other models in section 7 (after a dedicated discussion how those models describe
higher twist TMDs in section 6).
Restricting ourselves to the 3Q Fock sector, the target state with definite four-
momentum P = [P+, M
2
2P+
,0T ] and light-front helicity Λ can be written as follows
|P,Λ〉 =
∑
{λi}
∑
{qi}
∫ [
dx√
x
]
3
[d2pT ]3 ψ
Λ;q1q2q3
λ1λ2λ3
(r) |{λi, qi, p˜i}〉, (5.1)
where ψΛ;q1q2q3λ1λ2λ3 is the 3Q LFWF with λi and qi referring to the light-front helicity and flavor
of quark i, respectively, r stands for (r1, r2, r3) with ri = (xiM0,pT i), and M0 denotes the
mass of the non-interacting 3Q state. We note that the single particle states in (5.1) are
on-shell, i.e. p−i = (p
2
T i +m
2
q)/2p
+
i , but the 3Q Fock state is off-shell since
∑
i p
−
i 6= P−,
where P− = M
2
N
2P+
is the minus component of the nucleon momentum. Furthermore, for
the 3Q Fock state one also has
∑
i p
+
i = P
+, whereas the LFWF depends on the plus
component of the momenta of the non-interacting system of three quarks, i.e. k+i = xiM0,
which is related to p+i by a longitudinal light-front boost. The integration measures in
eq. (5.1) are defined as[
dx√
x
]
3
≡
[
3∏
i=1
dxi√
xi
]
δ
(
1−
3∑
i=1
xi
)
,
[d2pT ]3 ≡
[
3∏
i=1
d2pT i
2(2π)3
]
2(2π)3 δ(2)
(
3∑
i=1
pT i
)
.
(5.2)
The calculation of the T-even unpolarized TMDs proceeds along the lines outlined in
the previous section. The explicit expression for the quark-momentum density is obtained
by inserting the LFWF expansion of the proton (5.1) in eqs. (4.5) and (4.6), with the result
Pq(p˜) = 1
2
∑
Λ
∑
{λi}
∑
{qi}
∑
{λ′i}
∑
{q′i}
∫ [
dx√
x
]
3
[d2pT ]3
×
∫ [
dx′√
x′
]
3
[d2p′T ]3 ψ
∗Λ;q′1q′2q′3
λ′1λ
′
2λ
′
3
(r′)ψΛ;q1q2q3λ1λ2λ3 (r)
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× 1
2(2π)3
∫
dk′+d2k′T
2k′+(2π)3
Θ(k′+)
∑
λ
3∑
j=1
〈λ′j , q′j , p˜′j |bq†λ′(k˜′)bqλ(p˜)|λj , qj , p˜j〉
×
∏
i 6=j
〈λ′i, q′i, p˜′i|λi, qi, p˜i〉. (5.3)
The matrix elements and scalar products in eq. (5.3) read
〈λ′j , q′j , p˜′j |bq†λ′(k˜′)bqλ(p˜)|λj , qj , p˜j〉 = δqqjδqq′jδλλjδλ′λ′j 2p
+(2π)3 δ(p+ − p+j ) δ(2)(pT − pTj)
× 2k′+(2π)3 δ(k′+ − p′+j ) δ(2)(k′T − p′Tj), (5.4)
〈λ′i, q′i, p˜′i|λi, qi, p˜i〉 = δqiq′iδλiλ′i 2p
+
i (2π)
3 δ(p′+i − p+i ) δ(2)(p′T i − pT i). (5.5)
Using (5.4) and (5.5), and performing the integrations over k˜′ and the quark momenta p˜′i,
eq. (5.3) becomes
Pq(p˜) = 1
2
∑
Λ
∑
{λi}
∑
{qi}
∑
j
∏
i 6=j
∑
λ
δqqjδλλj
∫
[dx]3 [d
2pT ]3Θ(p
+)
×δ(x− xj) δ(2)(pT − pT j) |ψΛ;q1q2q3λ1λ2λ3 (r)|2. (5.6)
In the case of SU(6)-symmetric LFWF, the contributions from all quarks qi with i =
1, 2, 3 are equal. We can choose to label the active quark with i = 1 and multiply by
three the corresponding contribution. Then, the final results for the unpolarized TMD
correlators with SU(6)-symmetric LFWF reads
Pq(p˜) =
∑
λ,λ2,λ3
∑
q2q3
∫
d[23] |ψ+;qq2q3λλ2λ3 (r)|2, (5.7)
where we used the notation
d[23] = [dx]3 [d
2pT ]3 3Θ(x) δ(x− x1) δ(2)(pT − pT1). (5.8)
After discussing other quark models in the next section, we will produce numerical results
from eqs. (4.9)–(4.12) with the quark momentum density (5.7) obtained from the LFWFs
of ref. [100]. Before proceeding with that, let us discuss a general result concerning the
integrated LIR (2.11).
In the LFCQM, the LIR (2.11) is not satisfied. This result is generic, and does not
depend on the specific model for the LFWF. We checked that the LIR (2.11) is not sup-
ported neither using the LFWF of ref. [100] nor those of ref. [101]. Moreover, we also
assured ourselves that the LIR (2.11) is also not valid in the light-front constituent model
of the pion [102], which demonstrates that this feature does not depend on whether one
deals with a three-body light-front Fock state |qqq〉 as in the case of the nucleon, or a
two-body light-front Fock state |q¯q〉 as in the case of the pion.
From a technical point of view, the non-compliance with the LIR (2.11) can be under-
stood as follows. In the integration of the LFWFs the relation
∑
i k
+
i =M0 6=MN with the
off-shell energy condition
∑
i p
−
i 6= P− comes into play, and spoils the relation which would
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be naively expected for non-interacting quarks. The reason is that LFWFs represent the
overlaps of the interacting state with free multiparton Fock states ψn = 〈n|ψ〉 and contain
the information about the interaction. In the LFCQM, we truncate the Fock space to the
three-quark sector and use the free EOM to write down the bad components of the quark
field in the TMD correlator. It is therefore not surprising that the free EOM relations are
satisfied for the unintegrated TMDs, where we single out the free-motion of the individual
active quark from the spectator quarks. On the contrary, in the integrated TMDs, we
convolute the motion of the “free” active quark with the dynamics of the interacting 3Q
system, with a consequent violation of the LIR.
In a light-front approach, such as the LFCQM, the violation of the LIR (2.11) is an
expected feature, and reflects general issues of the light-front approach with sum rules of
higher-twist parton distributions and with matrix elements of the minus component of the
electromagnetic current. This has been elucidated from various perspectives [103, 104]. In
order to explain this point, we first remark that in the LFCQM f q4 (x) vanishes in the limits
x → 0 and x → 1 (as do all other parton distribution functions and TMDs). Because
of that we can integrate (2.11) over x and derive in this way the sum rule (2.13), see
appendix B. Thus, in the LFCQM the integral
∫
dx f q4 (x) receives contributions from the
region x > 0 only. However, as shown in ref. [103] in 1+1-dimensional QCD calculations,
the sum rule (2.13) is satisfied only if one takes into account a δ(x)-contribution which
originates from zero modes in the light-front quantization and whose existence can also
be established using dispersion relation techniques [103]. More on δ(x)-contributions to
parton distribution functions can be found in appendix B.2. The description of light-front
zero modes is beyond the scope of the LFCQM, and it is therefore not surprising that this
model does not satisfy the sum rule (2.13) and the LIR from which this sum rule can be
derived (within this model).
Alternatively one can explain the non-compliance of the LFCQM with the sum
rule (2.13) by observing that it is related to the matrix elements of the minus compo-
nent of the electromagnetic current. The latter is of course conserved in the light-front
approach. But for that, one has to consider contributions from higher light-front Fock
states [104] which are not accounted for in the LFCQM.
6 Equations of motion relations in models with interactions
In this section, we discuss three models with interactions: bag model, spectator model,
chiral quark-soliton model. We focus on formal aspects. Numerical results from some of
these models will be presented in the next section.
6.1 Bag model
In the MIT bag model, relativistic (in our case massless) quarks are confined due to im-
posed boundary conditions inside a spherical cavity of radius R0 fixed by the nucleon mass
according to R0MN = 4ω [105–107]. Here ω ≈ 2.04 is the dimensionless “frequency” of the
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lowest eigenmode whose momentum space wave-function is given by
ϕm(~p) = i
√
4πNR30
(
t0(p)χm
(~σ · ~̂p) t1(p)χm
)
, (6.1)
where σi (χm) denote Pauli matrices (spinors) and p̂
i = pi/p with p = |~p|. The normaliza-
tion factor N and the functions tl (expressed in terms of spherical Bessel functions jl with
l = 0, 1) are given by
tl(p) =
∫ 1
0
duu2jl(upR0)jl(uω), N =
(
ω3
2R30(ω − 1) sin2 ω
)1/2
. (6.2)
We introduce the convenient notation of [52]
A =
16ω4
π2(ω − 1)j20(ω)M2N
, pz = xMN − ω
R0
, M̂N =
MN
p
. (6.3)
In this notation, with tl ≡ tl(p) in the following and with the SU(6) spin-flavor symmetry
factors Nu = 2 and Nd = 1, the results for the T-even unpolarized TMDs read
f q1 (x, pT ) = Nq A
[
t20 + 2p̂z t0t1 + t
2
1
]
, eq(x, pT ) = Nq A
[
t20 − t21
]
,
f q4 (x, pT ) = Nq A
1
2
[
t20 − 2p̂z t0t1 + t21
]
, f⊥q(x, pT ) = Nq A
[
2M̂N t0t1
]
.
(6.4)
The collinear function eq(x) was discussed in [45], while eq(x) and f q4 (x) were calculated
in [46]. Except for f q4 (x, pT ), all these TMDs were discussed in detail in [52].
We will not investigate analytically the EOM relations in this model, and content
ourselves with a qualitative discussion. The best example to explain the origin of tilde-terms
in the bag model is eq(x, pT ) for which the general decomposition is given by x e
q(x, pT ) =
x e˜q(x, pT ) for massless quarks. The bag model quarks obey the free Dirac equation inside
the cavity, and we know that the absence of interactions implies vanishing tilde-terms.
Thus, the result for eq(x, pT ) in eq. (6.4) is a boundary effect [45]. This is a physically
appealing result: the bag boundary “mimics” confinement and hence gluonic effects. In
this sense, it can be viewed as a (crude) model for quark-gluon correlations [45]. Note that
the massless bag model quarks are off-shell, p2 = 2xMN
ω
R0
− x2M2N − p2T 6= 0.
The TMDs f q4 , f
q
1 and f
⊥q(1) satisfy the LIR (2.11). This can be proven analytically
by repeating step by step the proof of a different LIR from the appendix of [52]. In our
case, also a simpler proof is possible. Exploring the fact that the integrand 2M̂N t0t1 is a
spherically symmetric function of ~p 2 = p2T + p
2
z with pz = xMN − ωR0 , we obtain
d
dx
f⊥q(1)(x) = Nq A
∫
d2pT
p2T
2M2N
d[2M̂N t0t1]
dp2T
dp2T
d~p 2
d~p 2
dx
= Nq A
∫
d2pT [−2p̂z t0t1] ,
(6.5)
where the last step follows after integration by parts. Combining this result with the
expressions for f q1 and f
q
4 in eq. (6.4) proves the LIR (2.11).
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That f q4 (x) satisfies the sum rule (2.13) can be shown in two ways.
1 One way is to
integrate the model expressions (6.4) over pT and x, with dx = dpz/MN according to
eq. (6.3). Hereby the odd terms (±p̂z t0t1) in the expressions for f q4 and f q1 in eq. (6.4)
vanish, implying that the integrals 2
∫
dx f q4 (x) =
∫
dx f q1 (x) = Nq are equally normalized.
Alternatively, knowing from direct computation that in the bag model ddxf
⊥q(1)(x) is a con-
tinuous function at x = 0 (which in general does not need to be the case, see appendix B),
one can integrate the above-proven LIR (2.11) to verify (2.13).
6.2 Spectator model
In the spectator model, one treats the intermediate states that can be inserted in the
definition of the correlator (2.1) as effective degrees of freedom with quantum numbers of
diquarks and definite masses. Adopting the model of ref. [47] for the diquark spectator
system, one can write
Φ[Γ]q(x,pT ) =
Tr[Φ˜qΓ]
4(1− x)P+
∣∣∣∣∣
p2=xM2
N
− p
2
T
+xm2
D
1−x
(6.6)
with
Φ˜q =
|g(p2)|2
2(2π)3
(/p+mq)( /P +MN )(1 + aDγ5/S)(/p+mq)
(p2 −m2q)2
, (6.7)
where mD is the diquark mass, aD is a spin factor taking the values as = 1 (scalar diquark)
and aa = −1/3 (axial-vector diquark), and g(p2) is a form factor that takes into account in
an effective way the composite structure of the nucleon and the diquark. This form factor
is often assumed to be [109]
g(p2) = N
p2 −m2q
|p2 − Λ2|α , (6.8)
where Λ is a cut-off parameter and N is a normalization constant. This choice has the
advantage of killing the pole of the quark propagator.
The results for the T-even unpolarized TMDs read
f1(x, pT ) = B
(mq + xMN )
2 + p2T
1− x ,
e(x, pT ) = B
(1− x)(mq + xMN )(mq +MN )−m2D(x+ mqMN )− (1 +
mq
MN
)p2T
(1− x)2 ,
f⊥(x, pT ) = B
(1− x2)M2N + 2mqMN (1− x)−m2D − p2T
(1− x)2 ,
f4(x, pT ) = B
(1− x) [(mq +MN )2 −m2D]+ p2T+m2DM2
N
[
p2
T
+m2
D
(1−x) − 2MNmq − (1 + x)M2N
]
2(1− x)2 ,
(6.9)
1Let us recall that the bag wavefunctions give rise to unphysical antiquark distributions f q¯1 (x) < 0 at
variance with positivity. The TMDs also receive non-vanishing (though numerically very small) support
from the regions |x| ≥ 1. These unphysical contributions must be included to satisfy sum rules, i.e. the
integration is over the whole x-axis. These and other caveats of this simplest bag model version can be
improved, see for example [108].
– 14 –
J
H
E
P
0
1
(
2
0
1
5
)
1
0
3
where we introduced for convenience
B =
N2
2(2π)3
[
1− x
p2T + λ
2
D(x)
]2α
with λ2D(x) = (1−x)Λ2+xm2D−x(1−x)M2N . (6.10)
The flavor dependence is provided by SU(4) symmetry
fu1 =
3
2
f1
∣∣
D=s
+
1
2
f1
∣∣
D=a
, fd1 = f1
∣∣
D=a
, (6.11)
and similarly for the other TMDs. Except for f q4 (x, pT ), all these TMDs were already
obtained in [47]. Remarkably, the tilde-terms are simply given by
x e˜(x, pT ) = B
p2 −m2q
1− x
(
x+
mq
MN
)
,
x f˜⊥(x, pT ) = B
p2 −m2q
1− x ,
x2 f˜4(x, pT ) = B
p2 −m2q
1− x
1
2M2
[[
(mq + xMN )
2 + p2T
]
+ x(1− x)M2N −
x(p2T +m
2
D)
1− x
]
,
(6.12)
which illustrates the connection between interaction and quark off-shellness p2−m2q . Using
the analytic expressions (6.9), it is straightforward to check that the LIR (2.11) is satisfied,
see also appendix A.3 for further details.
6.3 Chiral quark-soliton model
We proceed with the chiral quark-soliton model (χQSM). Here the nucleon is described as
a chiral soliton in an effective, non-renormalizable low-energy theory [110] defined in terms
of the Lagrangian L = ψ(i/∂ −M Uγ5 −mq)ψ, where Uγ5 = exp(iγ5~τ · ~π)/fπ denotes the
chiral field and fπ = 93MeV the pion decay constant. The parameter M = 350MeV is not
a “constituent quark mass”, but a dimensionful coupling constant of the quark fields to the
chiral field, which is dynamically generated by instanton-anti-instanton interactions in the
semi-classical description of the QCD vacuum [111–113]. A popular jargon is to refer to
M as “dynamical mass”. In contrast, mq = O(few MeV) is the current quark mass of light
quarks. In many practical calculations, one can work in the chiral limit, and set mq to zero.
In the following analytical derivations, we shall keep mq finite. The cutoff Λcut = O(ρ−1av )
of the effective theory is set by the inverse of the average instanton size ρ−1av ≈ 600MeV
and determines the initial scale of the model. The theory can be solved in the limit of
a large number of colors Nc, where a soliton solution is found for a static pion field with
hedgehog symmetry ~π(~x) = fπ~erP (r) where ~er = ~x/r and r = |~x|. Expressed in terms of
the profile function P (r), the chiral field is given by Uγ5 = cosP (r) + iγ5 (~er · ~τ) sinP (r).
In the χQSM, the equation of motion is (i/∂ − M Uγ5 − mq)ψ = 0. The difference
with the free quark case is the presence of the interaction term M Uγ5 , which will be
responsible for the emergence of “interaction-dependent” tilde-terms. Since the interaction
contains no derivatives and Uγ5 = Uγ5 , we obtain an identity analogue to eq. (3.2), with
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the substitution mq 7→ mq +M Uγ5 , i.e.
0 =
∫
dp−
∫
d4z
2(2π)4
eip·z 〈P |ψ(0) [(/p−mq −M Uγ5)Γ + Γ(/p−mq −M Uγ5)]ψ(z)|P 〉.
(6.13)
The treatment of the (/p −mq) part is precisely the same as in section 3, so we can focus
on the structure
[
ΓM Uγ5 +M Uγ5 Γ
]
. Choosing respectively Γ = γ+ and Γ = iσ+jT yields
x eq(x, pT ) = x e˜
q(x, pT ) +
mq
MN
f q1 (x, pT ), (6.14)
x f⊥q(x, pT ) = f
q
1 (x, pT ), (6.15)
where
x e˜(x, pT ) =
1
2MN
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0)γ+M(U + U †)ψ(z)|P 〉∣∣
z+=0
. (6.16)
Several comments are in order. First, even in the chiral limit mq → 0, the χQSM predicts
a non-zero eq(x, pT ) which arises from the interaction term. That the operator M(U +
U †) is associated with interactions is evident: it is proportional (a) to M which is the
dynamically generated mass due to interactions of light quarks in the strongly interacting
QCD (instanton) vacuum, and (b) to the chiral field binding the effective quark degrees of
freedom to form the nucleon. Second, it is remarkable that the strong chiral interactions
do not generate a tilde-term in the case of f⊥q(x, pT ). This information is very useful
for phenomenology. In fact, it supports the WW-approximation for this TMD, which was
applied to phenomenology in [114]. Third, the above expressions describe also antiquark
TMDs according to
TMDq¯(x, pT ) = ±TMDq(−x, pT ) (6.17)
with a (−)-sign for f1, and a (+)-sign for e and f⊥.
It is interesting to remark that, from the χQSM, we can recover results of the non-
interacting theory by taking formally the limit U → 1, which can be done by letting the
size of the soliton go to zero [110]. In this formal limit
lim
non−
interact.
x e˜q(x, pT ) =
M
MN
lim
non−
interact.
f q1 (x, pT ). (6.18)
Interestingly the tilde-term does not vanish but becomes effectively a mass term.2 By
taking Uγ5 → 1, we “removed” the soliton field which binds the quarks. But we did not
remove effects of the strongly interacting QCD vacuum where our quarks are embedded.
In fact, light current quarks (with small masses mq) acquire M as a response to collective
instanton vacuum effects. So M and hence the result in eq. (6.18) are of dynamical origin.
If we “switched off” QCD vacuum effects, also M → 0. Thus, the result for e˜ q(x, pT ) is
2In χQSM calculations vacuum subtraction is understood, i.e. symbolically 〈N | . . . |N〉 ≡
〈N | . . . |N〉Uγ5 − 〈N | . . . |N〉Uγ5→1, showing that in the formal limit U
γ5 → 1 the contribution from the
Dirac continuum is cancelled in eq. (6.18). The contribution from the discrete level however remains [110]
and is responsible for the limits in eq. (6.18).
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clearly an interaction-dependent tilde-term. It is an important cross check that, in the
formal limit of vanishing interactions, we recover results from the free theory.
It should be noted that in QCD the first two Mellin moments of e˜q(x) vanish (see
eq. (B.10) in appendix B), but not in the χQSM. This is a limitation of the model, but not
its failure. QCD sum rules for Mellin moments are specific to gauge theories (one would
have basically the same sum rules in QED). The model interactions are different, which
results in different but consistently satisfied sum rules within the models [48, 49].
For completeness, we also discuss f q4 (x, pT ). Exploring hedgehog symmetry, one finds
that the sum rule (2.13) holds. Positivity can be proven within the model in complete
analogy to f q1 (x, pT ) [115]. In order to derive the EOM relation, we use the identity (6.13)
with e.g. Γ = 1. As in free quark case, we encounter a contribution from the structure γ+p−
where we have to eliminate p−. This is done by generalizing (3.5) to the case of the χQSM
through the replacement of (i/∂ +mq)(i/∂ −mq) by (i/∂ +M U−γ5 +mq)(i/∂ −M Uγ5 −mq)
with due care to the fact that U±γ5 do not need to commute with Γ. After a bit lengthy
but straightforward algebra we obtain
x2 f q4 (x, pT ) = x
2 f˜ q4 (x, pT ) +
p2T +m
2
q
2M2N
f q1 (x, pT ) (6.19)
with (for the flavor-singlet case)
x2 f˜ q4 (x, pT ) = −
M2
2M2N
f q1 (x, pT )
+
∫
dz−d2zT
2(2π)3
eip·z 〈P |ψ(0) M
M2N
[
xP+Uγ5 − iσ+µ(i∂µUγ5)
]
ψ(z)|P 〉∣∣
z+=0
,
(6.20)
where all terms are either matrix elements of the chiral field Uγ5 or proportional to the
dynamical mass M (or both), and hence are manifestly interaction-dependent. Thus,
switching off (soliton, instanton vacuum) interactions removes f˜ q4 (x, pT ).
In the language of the light-front Fock-state expansion, the quark correlator in that
model contains all |nq, (n − 3)q¯〉 components for n = 3, 4, 5, · · · summed up. The calcu-
lation in terms of a Fock expansion is efficient if one restricts oneself to the minimal Fock
state n = 3 [94], and becomes quickly impractical beyond that [116–118]. To get the “full
answer”, one has to evaluate the entire correlator. This numerically laborious task was done
at large Nc for the flavor-singlet unpolarized TMDs f
u+d
1 (x, pT ) and f
u¯+d¯
1 (x, pT ) [119, 120],
from which we could immediately obtain flavor-singlet results for xf⊥q(x, pT ) via (6.15),
but the computation in the non-singlet channel has not yet been performed. Results for the
parton distribution function eq(x) were presented in [48–51], while f q4 (x) was never studied.
In this section we treated the χQSM as a “quark model” as done in [48–51] and other
higher-twist studies [121–124]. As in any quark model, also here it is possible to evaluate
matrix elements of ψ¯Γψ operators of any twist. We found the results consistent in the
sense that the tilde-terms, which we separated off by means of EOM, really encode model
interactions and vanish in a formal limit of a non-interacting theory. However, strictly
– 17 –
J
H
E
P
0
1
(
2
0
1
5
)
1
0
3
speaking the χQSM should be understood as the “leading-order” approximation of the
instanton vacuum model, which is of paramount importance to identify the model distri-
butions of quarks and antiquarks with leading-twist QCD parton distribution functions
at low normalization scale µ0 ∼ ρ−1av ∼ 600MeV [125, 126]. The tight connection of the
χQSM to instanton vacuum became also apparent in our discussion: we were able to show
that tilde-terms vanish, only after switching off all interactions, also those associated with
instanton vacuum effects. Fully consistent higher-twist studies require to work directly
in the instanton vacuum [111–113]. Only in this way a realistic description of the non-
perturbative quark-gluon dynamics can be obtained. In some cases, tilde-terms of partons
distribution functions were found to be small [127, 128] in the instanton vacuum, but not in
all [113, 129]. Since a fully consistent treatment of higher-twist matrix elements requires in-
stanton vacuum techniques, we refrain from showing here numerical results for higher-twist
TMDs within the χQSM, and refer to instanton vacuum model studies [113, 127–129].
7 Numerical results
In this section we present numerical results from the models. The LFCQM results are
new, and discussed in more detail. For comparison we include bag and spectator model
results [47, 52]. All results refer to a low quark model scale. We then evolve eq(x) obtained
in the LFCQM and compare it with a recent extraction [29].
We apply the general light-front formalism elaborated in section 5 to the model of
3Q LFWF from [130–133]. The parameters of this model were fixed to reproduce the
anomalous magnetic moments of the proton and neutron. The parameter of importance
for the following discussion is the constituent quark mass mq = 263MeV. The results of
this quark model, as well as any quark model without explicit gluon and sea-quark degrees
of freedom, refer to a low initial scale µ0LO = 420MeV.
The results for the integrated TMDs f q1 (x), e
q(x), f⊥q(x), and f q4 (x) obtained from
this approach are shown in figure 1. The bag and spectator model results for f q1 (x), e
q(x),
and f⊥q(x) included for comparison in figure 1 are from [47, 52], while the results for
f q4 (x) in those models are from this work. Because of SU(6) spin-flavor symmetry, the
flavor dependence of unpolarized T-even TMDs is trivial in LFCQM and bag model, i.e.
u-quark distributions are a factor 2 bigger than d-quark distributions. This is different in
the diquark spectator model, where the two-body wave function obeys SU(4) symmetry
that does not lead to a simple relation between u- and d-quark distributions (only in the
large Nc-limit, where the scalar and axial diquark masses become equal, would one have
the same trivial flavor dependence in the spectator model as in the other two models).
The results for the twist-2 function are comparable in the three models. For instance,
f q1 (x) exhibits a peak roughly around x ≈ 0.3 in all models. Also the magnitude is similar,
which is understandable because the flavor number sum rule determines the normalizations
of the lowest moments. In particular, the results from the bag model and LFCQM show a
very similar behavior at large x.
The picture is very different for higher twist. As compared to the other models, the
magnitude of the higher-twist TMDs is bigger in the LFCQM. This is partly due to the fact
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Figure 1. T-even spin-independent TMDs for up (upper panel) and down (lower panel) quarks
from different model calculations: LFCQM (solid curves) obtained in this work; diquark model
(dashed-dotted curves) of ref. [47]; bag model (dashed curves) of ref. [52].
that higher-twist TMDs in this model arise from mass effects, and the constituent quark
mass of this model mq = 263MeV is sizable. Also the overall shapes of e
q(x), f⊥q(x)
and f q4 (x) differ largely in the three models. For instance, the maxima of the curves are
scattered over a wide interval in x. A very distinctive feature is the node in ed(x) in the
diquark model. All models comply with the positivity constraint for f q4 (x) in eq. (2.12).
Note also that the distributions do not vanish at x = 0 in the bag and diquark models,
in contrast to the LFQCM. This is due to the power-law ansatz of the model for the LFWF,
which vanishes when any xi → 0. As a consequence3 f q1 (x) ∝ x3 for x→ 0. Therefore eq(x),
f⊥q(x) and f q4 (x), which are related to f
q
1 (x) by means of the EOM relations (3.3), (3.4)
and (3.6), have not only regular small-x limits but even vanish for x→ 0, too.
Next let us discuss sum rules. The twist-3 parton distribution function eq(x) obeys
the sum rules [45] ∫
dx eq(x) =
1
2MN
〈P |ψ(0)ψ(0)|P 〉, (7.1)∫
dxx eq(x) =
mq
MN
Nq. (7.2)
The LFCQM satisfies both sum rules. In the case of (7.1) this means that integrating eq(x)
yields the same result as evaluating the local matrix element on the right-hand-side of this
equation. The compliance of the model with the second sum rule is evident from the EOM
relation (3.3). For the first sum rule, however, this is highly non-trivial. We explain this
in detail in appendix B.2. Numerically the result for the sum rule (7.1) is 2.22 (1.12) for
3This small-x behavior is at variance with QCD and one of the reasons why small x are beyond the
range of applicability of the LFCQM approach [95, 96]. We will comment on this in more detail below.
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LFCQM
TMD 〈pT 〉 〈p2T 〉 RG
f q1 0.24 0.080 0.96
eq 0.22 0.069 0.95
f⊥q 0.22 0.069 0.95
f q4 0.28 0.110 0.95
Table 1. 〈pT 〉 in units of GeV and 〈p2T 〉 in units of GeV2 as defined in eq. (7.4), and the ratio
RG ≡ 2〈pT 〉/(π 〈p2T 〉)1/2 for unpolarized T-even TMDs from LFCQM.
LFCQM bag model spectator (u) spectator (d)
TMD 〈p2T,v〉1/2 〈p2T,v〉1/2 〈p2T,v〉1/2 〈p2T,v〉1/2
f q1 0.135 0.28 0.20 0.27
eq 0.135 0.23 0.16 0.18
f⊥q 0.135 0.27 0.18 0.23
f q4 0.200 0.17 0.18 0.25
Table 2. The Gaussian widths 〈p2T,v〉1/2 in units of GeV for unpolarized T-even TMDs in the
valence-x region at xv = 0.3 from LFCQM (here), bag model [52] and spectator model [47]. Using
these widths in a Gaussian Ansatz, one approximates the true pT -dependence of the model TMDs
within (5–20)% for p2T . 2〈p2T,v〉, see text. The spectator model results depend on the flavor
q = u, d. Results from LFCQM and bag model are the same for u and d.
up (down) quarks, and
∑
q
∫
dx eq(x) = 3.34 at the low scale of the model. Evolving this
result to a typical DIS scale of, say, Q2 = 1.5GeV2 (see below), yields
∑
q=u,d
∫
dx eq(x)
∣∣∣∣
Q2=1.5GeV2
= 3.34× mq(µ
2
0)
mq(Q2)
= 8.31, (7.3)
in agreement with
∑
q
∫
dx eq(x) = (6–10) expected in QCD [115] (see appendix B.2 for
further comments on this result).
Next we turn our attention to the pT -dependence of TMDs. We define the mean
transverse momenta (n = 1) and the mean squared transverse momenta (n = 2) in the
TMD as follows
〈pnT 〉 =
∫
dx
∫
d2pT p
n
T TMD(x, pT )∫
dx
∫
d2pT TMD(x, pT )
. (7.4)
In table 1 we show results for these quantities for unpolarized T-even TMDs in the LFCQM.
Since in the LFCQM the flavor dependence appears as an overall factor Nq, the 〈pnT 〉 in
eq. (7.4) are equal for u- and d-quarks. Compared to f q1 (x, pT ), the mean transverse
momenta in eq(x, pT ) and f
⊥q(x, pT ) are smaller while those of f
q
4 (x, pT ) are larger, im-
plying that eq(x, pT ) and f
⊥q(x, pT ) fall off with pT faster than f
q
1 (x, pT ) and vice-versa
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Figure 2. fu1 (xv, pT ) (left panel) and f
u
4 (xv, pT ) (right panel) at xv = 0.3 as functions of pT .
The solid curves show the predictions from the LFCQM, while the dashed-dotted curve are the
respective Gaussian approximation from eq. (7.5) with the Gauss widths in table 2.
for f q4 (x, pT ). An instructive quantity is the ratio RG ≡ 2〈pT 〉/(π 〈p2T 〉)1/2. If the pT -
dependence of the TMDs was exactly Gaussian, this ratio would be unity. Table 1 shows
that the LFCQM supports this “measure of Gaussianity” within 5%.
The definitions of 〈pnT 〉 in eq. (7.4) are not useful in all models. In the bag model, the
x-integration in (7.4) would include unphysical regions and bias the result, see footnote 1.
Moreover, 〈p2T 〉 defined in (7.4) is divergent for some TMDs [52]. Also in the spectator
model (7.4) is not useful, especially for eq(x, pT ) where nodes in pT occur such that 〈p2T 〉
is negative. In this situation, one gains more insight with a different definition of 〈p2T,v〉
which is chosen such that one obtains (if it is possible) a useful Gaussian approximation of
the true pT -dependence at valence-x within a model [52], namely
TMD(xv, pT ) ≈ TMD(xv, 0) e
− p
2
T
〈p2
T,v
〉
. (7.5)
This definition is x-dependent, but typically the x-dependence is weak in the valence-
x region [52]. For definiteness, we choose the value xv = 0.3 as reference. Using this
definition, we can directly compare all models, see table 2.
With the values quoted in table 2 the true pT -dependence is approximated within (5–
20)% depending somewhat on the TMD and model. As shown in figure 2, in the LFCQM
the approximations work reasonably well in a large range of pT . However, it is important
to realize that the TMD picture holds for p2T ≪ µ20 with the initial scale µ20 ≈ 0.176GeV2 in
quark models. Thus, beyond p2T & 2〈p2T,v〉 the non-perturbative results from quark models
for TMDs have no physical meaning.
The spectator model is the only model with non-trivial flavor dependence considered
here. Interestingly, the pT -distributions of d quarks are systematically broader than those
of u quarks. The reason behind this is the diquark masses, which set the physical scales for
the pT -behavior. The d-quark TMDs are given entirely in terms of the heavier axial-vector
diquark, and are therefore broader. The u-quark TMDs receive contributions from both
scalar and axial-vector diquarks, but the lighter scalar diquark dominates which makes the
distributions narrower.
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8 Comparison to phenomenology
In order to confront the LFCQM results to phenomenology, it is necessary to evolve them
from the low initial scale to experimentally relevant scales. Taking evolution effects into ac-
count, the LFCQM as described in the previous section, was shown to describe satisfactorily
data related to twist-2 TMDs in the valence-x region with an accuracy of (10-30)% [63, 95–
99]. Whether higher-twist TMDs are described with similar success, remains to be seen.
The recent study [29] puts us in the position to investigate this question for eq(x).
For the comparison we will need eq(x) at a scale of 1.5GeV2. The pure twist-3 contri-
bution e˜q(x) follows a complicated evolution pattern [134–136] typical for subleading-twist
distributions, see also the reviews [137, 138]. However, in our case e˜q(x) = 0 and all we
have is x eq(x) =
mq
MN
f q1 (x) with the evolution of the latter given by the standard evolution
of f q1 (x). To be consistent, we also have to make mq subject to LO evolution of the QCD
running quark mass (in fact, the quark mass insertion makes the contribution of
mq
MN
f q1 (x)
“chiral odd” and hence a legitimate contribution to the chiral odd eq(x)). It is part of the
model, that the value of mq at the initial scale is a sizable constituent quark mass, rather
than a small QCD current quark mass. But one has to recall that this constituent mass has
to be understood as an effective parameter describing a quark dressed by non-perturbative
interactions inside the hadron.
In figure 3(a) we show eu(x) at the initial scale of µ20,LO = 0.176GeV
2, and after LO
evolution in the above-described way to a final scale of Q2 = 1.5GeV2 (for technical details
of the evolution parameters we refer to [98]). The results for the d-quark distribution can
be obtained by rescaling by a factor 1/2 the u-quark distribution, according to the SU(6)-
flavor factors. Figure 3(a) shows that the effects of evolution are sizable, and cannot be
neglected. The same observations were made also in twist-2 case [63, 95–99].
Recently the CLAS collaboration has measured azimuthal distributions of π+π− pairs
produced in SIDIS using a longitudinally polarized 6GeV electron beam off an unpolarized
proton target [139]. Correlations of final-state hadrons [140–142] provide a handle to
access novel information on the nucleon structure in collinear factorization [143] including
eq(x) [28]. In this process, one focuses on the kinematics where the struck parton fragments
into a hadron pair, which gives rise to various azimuthal asymmetries. If we denote by σ⇄
the cross sections for producing the hadrons h1h2 from positive or negative helicity electrons
with the beam polarization PB impinging on an unpolarized target, e
⇄(l) + N(P ) →
e(l′) + h1(Ph1) + h2(Ph2) +X, then the observables of interest in our context are [28]
1
2PB
d6σ→ − d6σ←
d3uhh dx dy dφR
=
α22y
√
1− y
2πyQ2
sinφR
RT
Q
×
∑
q
e2q
(
MN
mhh
x eq(x)H∢q1 (uhh) +
1
zhh
f q1 (x) G˜
∢q(uhh)
)
, (8.1)
1
2
d5σ→ + d5σ←
d3uhh dx dy
=
α2(1− y − 12y2)
2πyQ2
∑
q
e2q f
q
1 (x)D
q
1(uhh), (8.2)
where we introduced the abbreviations uhh ≡ {zhh, ζ,m2hh} and d3uhh = dzhhdζdm2hh. The
DIS variables describing lepton scattering are q = l − l′, Q2 = −q2, x = Q2/(2P · q), and
– 22 –
J
H
E
P
0
1
(
2
0
1
5
)
1
0
3
0
2
4
6
8
10
0 0.2 0.4 0.6 0.8 x
eu(x)
(a)
0
1
2
3
0 0.1 0.2 0.3 0.4 0.5 x
ev(x)
(b)
Figure 3. (a) The LFCQM predictions for eu as a function of x at the model scale µ20 = 0.176GeV
2
(dashed curve) and LO-evolved to Q2 = 1.5GeV2 (solid curve). (b) The LFCQM predictions for
the combination eV = 4
9
eu − 1
9
ed as a function of x, LO-evolved to Q2 = 1.5GeV2 in comparison
with the recent extraction of ref. [29].
y = (P ·q)/(P · l). The kinematics of the produced hadron pair is described by the invariant
dihadron mass m2hh = (Ph1 + Ph2)
2, the total longitudinal momentum fraction zhh =
z1 + z2 transferred from the struck quark to the hadron pair, and its relative distribution
ζ = (z1 − z2)/zhh, where zi = (P · Phi)/(P · q). Finally, RT is the component of the
relative momentum 12(Ph1 − Ph2) transverse with respect to the total hadron momentum
(Ph1 + Ph2) and given by R
2
T =
1
4(1− ζ2)m2hh − 12(1− ζ)m2h1 − 12(1 + ζ)m2h2. The angle φR
is the inclination of the dihadron plane with respect to the lepton scattering plane counted
from the direction of the outgoing lepton [28].
The hadrons h1h2 can be produced in different relative partial waves, and H
∢q
1 (uhh)
and G˜∢q(uhh) describe the interference of s- and p-waves [144]. The former is leading twist
and arises from the fragmentation of a transversely polarized quark, the latter is subleading
twist and due to quark-gluon correlations in the fragmentation process. In contrast, the
leading-twist fragmentation function Dq1(uhh) is diagonal in the partial waves.
By deducing information on Dq1(uhh) from the PYTHIA Monte-Carlo event genera-
tor [145] tuned to hadron spectra produced from e+e− collisions in the Belle experiment,
and analyzing Belle data on azimuthal asymmetries in dihadron production [146], some
information on H∢q1 (uhh) was inferred in [147]. On the basis of this information, a first
extraction of eq(x) from the CLAS data [139] was reported in [29] (for an earlier attempt
to access eq(x) from SIDIS data on TMD observables, see [39]).
In ref. [29] it was argued that the CLAS data on the ratio of the cross sections (8.1)
and (8.2) cannot be dominated by the second term in (8.1) proportional to G˜∢q(uhh).
Assuming this term to be zero, an approximation referred to as “WW-scenario” in [29],
yields the extracted data points for the combination eV (x) ≡ 49(eu− eu¯)(x)− 19(ed− ed¯)(x)
shown in figure 3(b) which refers to Q2 = 1.5GeV2.
For comparison we show in figure 3(b) the results from the LFCQM for the flavor
combination eV (x) = 49 e
u(x)− 19 ed(x) at the same scale. The agreement with the extraction
is very satisfactory for the two higher-x bins. The description of the lowest x-bin is less
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good. But it is important to recall that the LFCQM is applicable in the valence x-region
and subject to limitations below x . 0.2 [95, 96], cf. footnote 3.
Let us remark that the “WW scenario” of ref. [29] is completely in line with the
LFCQM. The consistent brute-force neglect of tilde-terms removes not only G˜∢q(uhh) but
also e˜ q(x). This is precisely the situation in the LFCQM where eq(x) =
mq
MN
f q1 (x) is
modeled in terms of a sizable constituent quark mass contribution.
It is important to add a cautious remark. The “WW scenario” assumed in ref. [29]
is one possible way of dealing with the unknown contribution of G˜∢q(uhh) but not the
only one. In [29] also a “beyond-WW scenario” was explored where this fragmentation
function is allowed to be non-zero, with the constraint to reproduce preliminary CLAS
data on the double spin asymmetry in dihadron production with a longitudinally polarized
beam and target. This asymmetry is due to G˜∢q(uhh) and compatible with zero within
error bars according to the preliminary data [148]. Although this strongly constrains the
magnitude of this fragmentation function, a non-zero G˜∢q(uhh) compatible with the pre-
liminary data [148] has a non-negligible impact on the extraction of eq(x). This indicates
that the extraction shown in figure 3(b) could have sizable unestimated systematic uncer-
tainties. The only safe conclusion at the moment is that eq(x) seems to be non-zero in
either scenario [29].
Keeping these cautious reservations in mind, we conclude that the LFCQM prediction
for eq(x) is compatible with the presently available preliminary CLAS data [139] extracted
in the “WW-scenario” [29] which is conceptually in line with the model.
9 Conclusions
Sizable azimuthal asymmetries in SIDIS with (un)polarized beams due to subleading-twist
TMD effects have been observed whose theoretical description is not fully clarified. Insights
from models can provide valuable guidelines. Quark models in principle offer a tool to
evaluate hadronic matrix elements of quark-field correlators of any twist [45], allowing
one to model also TMDs, including higher twist. It is therefore of interest to explore
them as a resource for the interpretation of available data, or for predictions for future
experiments. For that it is important to assess the applicability and limitations of quark
models and improve the understanding of how higher-twist TMDs are modeled. The aim
of the present work was to contribute to this understanding.
We have shown that exploring the respective equations of motion, higher-twist TMDs
can be decomposed in quark models into contributions from leading-twist TMDs, quark-
mass terms and pure-interaction dependent (“tilde”) terms. This is in some sense analogue
to QCD, although the model interactions are far simpler than the QCD gauge interactions.
Also the meaning of quark mass may differ, as in some models one may deal with a sizable
“constituent quark mass”. Nevertheless, the decompositions are fully consistent within the
models, and we have shown that the interaction-dependent tilde-terms vanish in formal
limits when the model-interactions are “switched off”.
We have reviewed how this happens in the bag model: the tilde-terms vanish when
one removes the bag boundary condition [45]. Since the latter is designed to “mimic”
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confinement and hence “gluonic effects”, this demonstrates that the modeling of tilde-terms
in the bag model is consistent in this sense [45]. We also reviewed how tilde-terms arise in
the spectator model, namely due to off-shellness effects [47]. A new result obtained in this
work was the discussion of tilde-terms in the chiral quark-soliton model. We have shown
that these terms vanish if one formally reduces the strength of the solitonic field which
binds the quarks in that model, and removes the instanton interactions which “dress”
the light quarks with a dynamically generated mass. These results indicate that tilde-
terms are “reasonably” modeled in these approaches and are generated by the respective
effective interactions.
A remarkable result obtained in this work is the absence of tilde-terms in the twist-
3 TMDs f⊥q(x, pT ) and f⊥q¯(x, pT ) in the chiral quark-soliton model. Other unpolarized
higher-twist TMDs receive significant tilde-terms in that model, which arise from the strong
chiral interactions that bind the quarks in a solitonic field. For instance, the twist-3
distribution functions eq(x) and eq¯(x) are, in the chiral limit, solely due to a tilde-term
which is rather sizable in that model [48–51]. But in the case of f⊥ the chiral interactions
do not induce tilde-terms, and these TMDs are given by x f⊥q(x, pT ) = f
q
1 (x, pT ) for
quarks and analogous for antiquarks in the leading order of the large-Nc expansion. This
prediction may have interesting phenomenological applications.
We also studied models where quarks do not feel explicit interactions which, however,
not always implies truly non-interacting theories. In the ensemble of free quarks [53],
which can be understood as a prototype of more sophisticated parton model frameworks,
the interactions are simply absent and the tilde-terms are consequently zero. Parton model
approaches have important applications, and allow us to separate “kinematical” from “dy-
namical” effects. This leads to valuable insights [75–83], but does not teach us anything
about tilde-terms.
An interesting approach studied in this work in great detail is the light-front constituent
quark model (LFCQM) which we extended beyond leading twist. This approach is based
on a light-front Fock-state expansion of the nucleon state in terms of on-shell partons
— each obeying the free EOM. Certain “unintegrated relations” among TMDs that are
valid in free quark models are therefore naturally supported in this model, but not all.
In fact, some free quark model relations among pT -integrated TMDs are not supported.
One can understand this by recalling that the free quark states in the Fock expansion are
used to construct the nucleon light-front wave-function which encodes non-perturbative
information and hence the bound-state nature, through certain parameters and the way
the free quarks states are arranged to form the nucleon state. Removing the bound state
nature in this case would bring us back to the free quark ensemble model.
In order to test the consistency of the different quark model approaches, we derived
a so-called Lorentz-invariance relation (LIR). Such relations are spoiled in QCD due to
gauge interactions, but they hold in relativistic quark models without gluon degrees of
freedom. We have shown that all quark models satisfy the LIR, except for the LFCQM.
We traced back the reasons for this to general features of the light-front formalism which
appear at subleading twist [103]. The non-compliance of the LFCQM with this specific LIR
is equivalent to the violation of the sum rule for the twist-4 parton distribution function
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f q4 (x). In order to satisfy this sum rule, one has to include light-front zero modes [103]. An
equivalent explanation is that this sum rule is related to the matrix element of the minus-
component of the electromagnetic current 〈P |J−|P 〉. In a light-cone approach, one has to
consider overlap contributions from higher Fock-state components [104]. Since the modeling
of zero-modes or higher Fock-state components is beyond the scope of the LFCQM, the
LIR and the sum rule for f q4 (x) which follows from it, are consequently not supported.
In the LFCQM, where the quarks are non-interacting in the above explained sense,
tilde-terms are absent and the higher-twist TMDs arise from their respective (and in the
model consistently described) twist-2 contributions and mass terms. Due to the size of
the constituent quark mass of about 300MeV in that model, the mass terms are sizable.
This feature is reasonable and consistent within this model, recalling that the results refer
to a low renormalization point µ0 ∼ 0.4GeV . We presented numerical results from the
LFCQM model, and compared with other models.
The LFCQM has been used extensively (more than the other models) in the past for
phenomenological applications in the context of leading-twist TMDs, and it was shown that
its results are compatible with data within a typical model accuracy of about (10-30)%. A
comparison to phenomenology in the twist-3 sector is more difficult, as the associated SIDIS
observables receive contributions from 4-6 TMDs and require also a good understanding of
presently unknown higher-twist fragmentation functions.
However, recently a phenomenological extraction of the twist-3 parton distribution
function eq(x) was reported [29] based on the collinear interference fragmentation function
framework [28]. Taking into account the evolution from the low initial scale of the LFCQM
to the experimentally relevant scale, we observe a very good agreement with the extracted
result within model accuracy. One should bear in mind, that the first extraction of in-
formation on eq(x) has unestimated systematic uncertainties [29]. Nevertheless, the good
agreement of the model predictions and the phenomenological result is an encouraging in-
dication that the LFCQM may be similarly successful in the twist-3 sector as it is in the
twist-2 sector.
Future works will shed more light on the applicability of this and other quark models to
the description of TMDs beyond leading twist, and allow us to assess with more confidence
to which extent quark model approaches are capable to contribute to our understanding
of non-perturbative partonic properties at higher twist.
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A The new Lorentz-invariance relation
Lorentz-invariance relations (LIRs) among TMDs arise when the Lorentz decomposition
of the quark correlator (2.1) contains more TMDs than Ai-amplitudes [55], as is the case
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in every quark model, but not in QCD. We encounter such a situation with the four
unpolarized TMDs {f q1 , eq, f⊥q, f q4} which are given in terms of the three amplitudes
{Aq1, Aq2, Aq3} in eqs. (2.7)–(2.10). The Ai are Lorentz scalars and can only be functions of
the variables 2P · p and p2.
Before discussing the derivation of the LIR, we rewrite the expression for f q4 in eq. (2.10)
as follows
f q4 (x, pT ) =
1
2
f q1 (x, pT ) + f
q
rest(x, pT ), f
q
rest(x, pT ) ≡ 2P+
∫
dp−
(P · p− xM2N )
M2N
Aq3.
(A.1)
We see that f q4 (x, pT ) is expressed in terms of f
q
1 (x, pT ) and a remaining part f
q
rest(x, pT )
related to the amplitude Aq3. The only TMD defined solely in terms of A
q
3 is f
⊥q(x, pT ).
The goal is therefore to relate f qrest(x, pT ) to f
⊥q(x, pT ). For that we first follow ref. [55].
A.1 Derivation a` la Tangerman-Mulders
In this derivation the variables of the amplitude Ai are treated as independent quantities.
In the next section we will see that in quark models the situation can be different.
In order to proceed, we integrate f qrest(x, pT ) over pT (in principle, one could formally
also take higher transverse moments, i.e. weight by (p2T /2M
2
N )
n with n > 1 before pT -
integration, though this may raise convergence issues). Recalling that p+ = xP+, we
introduce the convenient variable
σ ≡ 2P · p = 2P+p− + xM2N , dσ = 2P+dp−, (A.2)
where the second relation follows for fixed x. The quark virtuality is then given by
p2 = 2p+p− − p2T = xσ − x2M2N − p2T . (A.3)
Treating σ, x and p2T as independent variables, we obtain
f qrest(x) =
∫
dσ
∫
d2pT
(σ − 2xM2N )
2M2N
Aq3(σ, xσ − x2M2N − p2T ) (A.4)
=
∫
dσ
∫
d2pT
1
2M2N
d
dx
∫ xσ−x2M2
N
−p2
T
0
dy Aq3(σ, y)
=
d
dx
∫
dσ
∫
d2pT
1
2M2N
dp2T
dp2T
∫ xσ−x2M2
N
−p2
T
0
dy Aq3(σ, y)
= − d
dx
∫
dσ
∫
d2pT
p2T
2M2N
d
dp2T
∫ xσ−x2M2
N
−p2
T
0
dy Aq3(σ, y) (A.5)
= − d
dx
∫
dσ
∫
d2pT
p2T
2M2N
Aq3(σ, xσ − x2M2N − p2T )
=
d
dx
f⊥q(1)(x). (A.6)
Notice that in the intermediate step (A.5) we integrated by parts with respect to p2T which is
justified, provided A3 falls off at large pT faster than 1/p
4
T . This condition also ensures that
the (1)-moment f⊥q(1)(x) is finite. Inserting the result (A.6) in (A.1) yields the LIR (2.11).
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A.2 Derivation for on-shell particles
When the parton (with mass mq) is on-shell as could be the case in models, then under the
p− integral defining the TMD in terms of the amplitude Ai, both arguments of Ai(σ, p2)
are fixed in terms of x and pT
p2 = m2q ,
σ = 2P · p = xM2N +
m2q + p
2
T
x
.
(A.7)
We simulate this situation as follows
Aq3(2P · p, p2) = A′q3 (2P · p) δ(p2 −m2q). (A.8)
The on-shell condition (A.8) allows one to perform the p− integration, but it is convenient
to refrain from this step. Instead, we make use of (A.7) and (A.8) under the integral of
f qrest(x, pT ) in eq. (A.1) and obtain
f qrest(x, pT ) = 2P
+
∫
dp−
(p2T +m
2
q − x2M2N )
2xM2N
Aq3 =
(p2T +m
2
q − x2M2N )
2xM2N
f⊥q(x, pT ). (A.9)
Thus, in contrast to the general case discussed in the previous section, here we could
complete the task of relating f qrest(x, pT ) and f
⊥q(x, pT ) without integrating out transverse
momenta. Inserting this result in (A.1) yields
f q4 (x, pT ) =
1
2
f q1 (x, pT ) +
(p2T +m
2
q − x2M2N )
2xM2N
f⊥q(x, pT ). (A.10)
This relation does not contain new information in “on-shell” models, where it can be derived
from the EOM relations. For example, inserting (3.4) in (A.10) yields (3.6). Nevertheless,
we encounter (A.10) here as an “unintegrated on-shell version” of the LIR (2.11).
Thus, in both on-shell and general cases one finds a relation expressing f q4 in terms of
f q1 and f
⊥q, (2.11) and (A.10). At first glance, these relations seem to be different and this
is puzzling. The essential ingredient of the derivation of LIRs is the (unique and complete,
in quark models) decomposition (2.1) of the correlator in terms of Ai amplitudes, and
this is dictated by Lorentz invariance which all (relativistic) quark models obey. However,
both versions (2.11) and (A.10) are formally equivalent (what formally means will become
clear shortly).
Starting from the derivative of f⊥(1)q(x) we obtain
d
dx
f⊥q(1)(x) =
d
dx
[
2P+
∫
dp−
∫
d2pT
p2T
2M2N
A′q3 (2P · p) δ(2p+p− − p2T −m2q)
]
=
d
dx
∫
d2pT
p2T
2xM2N
A′q3
(
xM2N +
m2q + p
2
T
x
)
= −
∫
d2pT
p2T
2x2M2N
(
1− x d
dx
)
A′q3
(
xM2N +
m2q + p
2
T
x
)
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= −
∫
d2pT
p2T
2x2M2N
d
dp2T
[(
p2T +m
2
q − x2M2N
)
A′q3
(
xM2N +
m2q + p
2
T
x
)]
=
∫
d2pT
(p2T +m
2
q − x2M2N )
2x2M2N
A′q3
(
xM2N +
m2q + p
2
T
x
)
(A.11)
= 2P+
∫
dp−
∫
d2pT
(p2T +m
2
q − x2M2N )
2xM2N
A′q3 (2P · p) δ(2p+p− − p2T −m2q)
=
∫
d2pT
(p2T +m
2
q − x2M2N )
2xM2N
f⊥q(x, pT ) . (A.12)
We again emphasize that in the step leading to (A.11) we integrated by parts, which is
legitimate provided A3 falls off at large pT faster than 1/p
4
T . This condition is anyway
required in order to have a finite results for f⊥(1)q(x).
It is an interesting question to wonder what would happen if f⊥(1)q(x) was divergent.
In that case, it may (or may not) be possible to introduce an appropriate regularization
scheme chosen such that f⊥(1)q(x) is finite and the LIR (2.11) is satisfied. In this context it
is interesting to remark, that in the bag model the transverse moment f
(1)q
1 (x) is divergent
and needs regularization. However, ddxf
(1)q
1 (x) in that model is finite. In fact, this feature
was used in [52] to define the “regularized” f
(1)q
1 (x), namely by integrating
d
dxf
(1)q
1 (x)
(and choosing the integration constant such that f
(1)q
1 (1) = 0). This in turn implies
the interesting possibility that a LIR of the type (2.11) could hold in a model although
the associated transverse moment is undefined. So far we have not yet encountered such
an example.
A.3 Derivation for spectator model
In a spectator model, the spectator system is on-shell m2D = (P − p)2 =M2N − 2P · p+ p2,
and the energy of the struck quark is determined by four-momentum conservation. The
struck quark is off-shell, but both variables of the amplitude Ai are constrained as
p2 = m2D −M2N + 2P · p,
σ = 2P · p = (1 + x)M2N −
m2D + p
2
T
1− x .
(A.13)
Like in the free quark model, we can simulate this situation by introducing a new amplitude4
Aq3(2P · p, 2P · p+m2D −M2N ) = A′′q3 (2P · p) δ(p2 − 2P · p−m2D +M2N ). (A.14)
Note that because of the specific form (A.14), it is actually not necessary to integrate over
pT , and we can consider directly (A.1). If we have four-momentum conservation with the
spectator system on-shell, we can write
f qrest(x, pT ) = 2P
+
∫
dp−
(1− x)2M2N − (p2T +m2D)
2(1− x)M2N
Aq3
=
(1− x)2M2N − (p2T +m2D)
2(1− x)M2N
f⊥q(x, pT ). (A.15)
4In ref. [47] this constraint was formulated as Aqi (σ, τ) = A
′′q
i (σ, τ)δ(τ−σ+M
2
N−M
2
spectator), see eq. (68)
of ref. [47].
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Thus, we obtain the following LIR for spectator models
f q4 (x, pT ) =
1
2
f q1 (x, pT ) +
(1− x)2M2N − (p2T +m2D)
2(1− x)M2N
f⊥q(x, pT ) , (A.16)
which is satisfied by the separate diquark contributions, but not by the total result for
f q4 (x, pT ) due to the different diquark masses. Even if the diquark masses were equal
(which is the case in the limit of a large number of colors), one should notice that in
contrast to the free quark model, this relation contains the model parameter mD. Hence,
it is an internal model relation, with limited or no validity beyond the spectator model.
Finally, we are going to check explicitly that the LIR (A.16) reduces to (2.11) once
integrated over pT . We have
d
dx
f⊥q(1)(x) =
d
dx
[
2P+
∫
dp−
∫
d2pT
p2T
2M2N
A′′q3 (2P · p)
× δ(2p−(p+ − P+)− 2P−p+ − p2T −m2D +M2N )
]
=
d
dx
∫
d2pT
p2T
2(1− x)M2N
A′′q3
(
(1 + x)M2N −
m2D + p
2
T
1− x
)
=
∫
d2pT
p2T
2(1− x)2M2N
(
1 + (1− x) d
dx
)
A′′q3
(
(1 + x)M2N −
m2D + p
2
T
1− x
)
=
∫
d2pT
p2T
2(1− x)2M2N
d
dp2T
×
[(
p2T +m
2
D − (1− x)2M2N
)
A′′q3
(
(1 + x)M2N −
m2D + p
2
T
1− x
)]
=
∫
d2pT
(1− x)2M2N − (p2T +m2D)
2(1− x)2M2N
A′′q3
(
(1 + x)M2N −
m2D + p
2
T
1− x
)
(A.17)
= 2P+
∫
dp−
∫
d2pT
(1− x)2M2N − (p2T +m2D)
2(1− x)M2N
×A′′q3 (2P · p) δ(2P · p−m2s +M2N )
=
∫
d2pT
(1− x)2M2N − (p2T +m2D)
2(1− x)M2N
f⊥q(x, pT ). (A.18)
Also in this model there is a potentially subtle step (A.17), where a total derivative is
assumed to vanish. In the model of [47] with the choice α = 2, one has A3 ∝ 1/|p2T |2α−1 ∝
1/p6T . Consequently, also f
⊥q(x, pT ) ∝ 1/p6T . This ensures the convergence of the trans-
verse moment f⊥(1)q(x), and the LIR is satisfied.
B Sum rule for f4(x)
The sum rule (2.13) for f q4 (x) can be proven formally in several ways, which we shall discuss
in appendix B.1. Other formal sum rules will be briefly reviewed in appendix B.2.
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B.1 Proofs of the sum rule for fq
4
(x)
One way to prove (2.13) consists in directly integrating the definition (2.6). It is instructive
to do this in parallel with f q1 defined in (2.3). Integrating out transverse momenta in (2.3)
and (2.6), the collinear distribution functions are given by
f q1 (x) =
∫
dz−
4π
eixP
+z− 〈P |ψ(0)γ+ψ(z−)|P 〉,(
MN
P+
)2
f q4 (x) =
∫
dz−
4π
eixP
+z− 〈P |ψ(0)γ−ψ(z−)|P 〉,
(B.1)
where we write ψq(z)|
z+=zj
T
=0
≡ ψq(z−) for brevity. Using 2P+P− =M2N , the first Mellin
moments are
2P+
∫
dx f q1 (x) = 〈P |ψ(0)γ+ψ(0)|P 〉,
4P−
∫
dx f q4 (x) = 〈P |ψ(0)γ−ψ(0)|P 〉. (B.2)
In QCD the electromagnetic current is defined as Jµ =
∑
q eqJ
q
µ with J
q
µ = ψ(0)γµψ(0).
The general decomposition of its forward matrix elements is 〈P |Jqµ|P 〉 = (2Pµ)F q1 (0) with
F q1 (0) = Nq. Thus, from eq. (B.2) we conclude that
2
∫
dx f q4 (x) =
∫
dx f q1 (x) = Nq. (B.3)
A variant of this proof consists in making use of the fact that Mellin moments are Lorentz
scalars. Thus, one may go to the nucleon rest frame, where one finds in the expressions
for the first moments of f q1 (x) and f
q
4 (x) matrix elements of the type 〈P |ψ(0)γ±ψ(0)|P 〉 =
〈P |ψ†(0)(1± γ0γ3)ψ(0)|P 〉/√2. Now, after the x-integration has removed any memory of
the light-front direction (local matrix element), the contributions 〈P |ψ†(0)(±γ0γ3)ψ(0)|P 〉
vanish due to rotational symmetry in the nucleon rest frame implying that 2
∫
dx f q4 (x)
and
∫
dx f q1 (x) are equally normalized.
In quark models, where LIRs are valid, also another formal proof is possible. Integrat-
ing the LIR (2.11) over x, one formally finds 2
∫
dx f q4 (x) =
∫
dx f q1 (x), since∫ 1
−1
dx
d
dx
f⊥q(1)(x) formal= f⊥q(1)(x)
∣∣∣∣1
−1
= f⊥q(1)(1)− f⊥q¯(1)(1) = 0, (B.4)
where we used (6.17) and explored the fact that TMDs vanish for x → 1. However, here
we tacitly assumed that f⊥q(1)(x) is a continuous function of x including the point x = 0.
This can, but does not need, to be the case in models. Thus, in the general case one could
find that the small x-behavior invalidates this proof, due to∫ 1
−1
dx
d
dx
f⊥q(1)(x) = lim
ǫ→0
(
−f⊥q(1)(ǫ) + f⊥q¯(1)(ǫ)
)
6= 0. (B.5)
A gaze at models provides intuition. In both the bag model and χQSM (2.13) is satisfied,
which is straightforward to check by directly integrating model expressions and exploring
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rotational (in bag model) or hedgehog (in χQSM) symmetries. In the bag model (where
one has to keep in mind the reservations due to the unphysical negative-x region, see
footnote 1), f⊥q(1)(x) is a continuous function at x = 0, so one can also integrate the LIR
to prove (2.13). But in the χQSM, which describes at x < 0 physical TMDs according
to (6.17), one has x f⊥q(1)(x) = f q1 (x) and the latter exhibits a discontinuity at x = 0 that
ensures positivity [125, 126]. Thus, in the χQSM the sum rule (2.13) is valid, but cannot
be proven by integrating the LIR.
As the last proof in quark models, we notice that f qrest(x) in the intermediate step (A.4)
can be rewritten as [55]
f qrest(x) =
∫
dσ
∫
dτ
∫
d2pT
(σ − 2xM2N )
2M2N
δ(xσ − x2M2N − p2T − τ) Aq3(σ, τ). (B.6)
Integrating this expression over x we obtain∫ 1
−1
dx f qrest(x)
formal
=
∫
dσ
∫
dτ
∫
d2pT
Aq3(σ, τ)
2M2N
∫ 1
−1
dx (σ − 2xM2N ) δ(xσ − x2M2N − p2T − τ) = 0,
(B.7)
which vanishes because we deal with an integral of the type∫
dx v′(x) δ(v(x)) =
∫
dx
∑
i
v′(x)
δ(x− xi)
|v′(x)| =
∑
i
sign v′(xi), (B.8)
where the xi are simple zeros of the argument v(x), and our function v(x) = xσ−x2M2N −
p2T − τ is such that v′(x1,2) = ∓
√
σ2 − 4M2N (τ + p2T ). Using this expression for v′(x)
in (B.8), one formally finds that
∫
dx f qrest(x) = 0, confirming (B.7) and proving the sum
rule (2.13). However, in a specific model one has to investigate carefully whether xi ∈ [−1, 1]
such that the integrated δ(v(x)) has indeed support in the integration region.
B.2 Other potentially violated sum rules
Sum rules like (2.13) are referred to as formal. They are mathematically correct. But in the
formal theoretical evaluation of such a sum rule, a δ(x)-singularity (if present) is integrated
over, and contributes to the result. However, the experimental test of such a sum rule will
only include results inferred (and extrapolated) from data taken at finite x > 0. Hereby of
course the contribution of the δ(x)-singularity will be missed, and sum rule perceived as
violated.
We are not aware of how (even in principle) the twist-4 sum rule (2.13) could be tested,
but there are other sum rules which can be tested experimentally. The most famous exam-
ple is the long-discussed and still unsettled possible violation of the Burkhardt-Cottingham
sum rule which features the twist-3 parton distribution function gqT (x) [149]. Also the sum
rule of the twist-3 parton distribution function hqL(x) was debated [150].
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But the most interesting case in the context of this work is the Jaffe-Ji sum rule [45]
connecting eq(x) to the pion-nucleon sigma-term σπN . By exploring QCD equations of
motion, eq(x) can be decomposed as follows [115]
eq(x) =
δ(x)
2MN
〈P |ψ(0)ψ(0)|P 〉+ e˜q(x) + eqmass(x). (B.9)
Here e˜q(x) and eqmass(x) denote, respectively, the pure twist-3 and mass term, which in
QCD have the properties∫
dx e˜q(x) =
∫
dxx e˜q(x) =
∫
dx eqmass(x) = 0. (B.10)
For x 6= 0 the mass term is expressed in QCD as well as in quark models by xeqmass(x) =
mq
MN
f q1 (x). Thus, in QCD the sum rule (disregarding a small doubly isospin violating term)
for eq(x) is given by ∑
q=u,d
∫
dx eq(x) =
σπN
m
, m =
1
2
(mu +md). (B.11)
A δ(x)-contribution in eq(x) was found in (1 + 1)-dimensional models [150], perturbative
one-loop light-front calculations [151], and non-perturbative calculations in the χQSM [48–
51]. In the one-loop dressed-quark model of [151], δ(x) emerged as a p+ zero mode in light-
front time-ordered perturbation theory. In the χQSM, the coefficient of the δ(x)-function
(and hence σπN , see [152]) is related to the quark vacuum condensate [48–51], a quantity
with central importance as order parameter of spontaneous chiral breaking.
No δ(x) singularity appears in the bag [45, 46] or spectator [47] models. Particularly
interesting in our context is the model with massive quarks in light-front one-loop Hamilto-
nian perturbation theory with light-front gauge [153] where also no δ(x) contribution was
found (this was in fact impossible, because in contrast to [151], in the calculation of [153]
a prescription for the operator 1
∂+
was chosen, which discards p+ zero modes). The e˜q(x)
and eqmass(x) from [153] do not satisfy (B.10). However, remarkably
∫
dx (e˜q + eqmass)(x)
nevertheless satisfies the sum rule (B.11). Thus, in this calculation the information on σπN
is, instead of being concentrated in the point x = 0, redistributed over the whole interval
0 < x < 1. The same kind of “holographic principle” is observed in the LFCQM, see
section 7.
C f⊥(x, pT ) in the chiral quark soliton model
The derivation of the χQSM expression for f⊥(x, pT ) proceeds analogously to the calcu-
lation of the unpolarized and helicity TMDs [120]. The result for the flavor combination
u+ d, which is leading in the large-Nc limit, is (the result for the flavor combination u+ d
of f1 from [120] is included for reference)
piT f
⊥(x, pT ) = NcM2N
∑
n, occ
φ∗n(~p)γ
0γiTφn(~p)
∣∣
p3=xMN−En , (C.1)
f1(x, pT ) = NcMN
∑
n, occ
φ∗n(~p)(1 + γ
0γ3)φn(~p)
∣∣
p3=xMN−En . (C.2)
Notice that for x < 0, these formulae describe (−f1) and (+f⊥) distributions for antiquarks.
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In the main text we have proven the remarkable result that x f⊥q(x, pT ) = f
q
1 (x, pT ),
see section 6. The proof given in section 6 was formal: it explored the model EOM, but
was formulated in terms of the general correlator expression. Here as a double-check, we
present a proof formulated in terms of the single quark-wave functions, i.e. with the general
correlator evaluated using the techniques of ref. [120].
Working in the chiral limit mq → 0 and in momentum space, the Hamiltonian is given
by H = γ0~γ · ~p + γ0M Uγ5 . The single-quark wave-functions satisfy Hφn(~p) = Enφn(~p),
and we have the obvious identity
0 = φ∗n(~p)
[
(En −H)(γ0γjT )(1 + γ0γ3) + (1 + γ0γ3)(γ0γjT )(En −H)
]
φn(~p)
= 2φ∗n(~p)
[
(En + p
3)γ0γjT − pjT (1 + γ0γ3)
]
φn(~p), (C.3)
where the second step follows after a little Dirac algebra. In order to apply this result to
TMDs, we include the prefactor NcMN , sum over occupied quark levels, and introduce the
constraint p3 = xMN − En which allows us to replace (En + p3) by xMN . As a result,
we obtain
0 = NcMN
∑
n, occ
φ∗n(~p)
[
xMNγ
0γjT − pjT (1 + γ0γ3)
]
φn(~p) = p
j
T
[
x f⊥(x, pT )− f1(x, pT )
]
,
(C.4)
which proves that x f⊥(x, pT ) = f1(x, pT ). Two remarks are in order. First, we see that
the relation is satisfied for each quark level separately. This is so, because we used the
EOM for the single quark states. Second, we see explicitly the off-shellness of the quark in
the nth level pn = (En,pT , xMN − En), namely p2n = E2n − (xMN − En)2 − p2T 6= 0, which
would have been expected for massless on-shell quarks.
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